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A Modified Stand Table Projection Growth Model
for Unmanaged Loblolly and Slash Pine Plantations

in East Texas

Il Micky G. Allen Il, Dean W. Coble, Quang V. Cao, Jimmie Yeiser, and I-Kuai Hung

Four methodologies to project future trees per acre by diameter dass were compared to develop a new modified stand table projection growth model for
unmanaged loblolly pine (Pinus taeda L.) and slash pine (Pinus elliottii Engelm.) plantations in East Texas. The new models were fit to 92,882 observations

ABSTRACT

from 153 permanent plots located in loblolly pine plantations and 33,792 observations from 71 permanent plots located in slash pine plantations throughout
East Texas. The new models were validated with 12,750 ohservations from 22 permanent plots and 3,724 ohservations from 9 permanent plots located in loblolly
and slash pine plantations, respectively. The validation data were used fo select between the four methodologies. The results indicated which of the new models
produced the best results, based on error indexes calculated for trees per acre and basal area per acre at the stand table and diameter dass levels across a
range of projection lengths. We recommend that this new model be used by forest managers for projecting stand tables in East Texas loblolly and slash pine

plantations. An example is also provided to show users how fo use the new modified stand table projection model.

Keywords: growth and yield models, West Gulf Coastal Plain, empirical models, southern pine plantation management

frequency table of trees arranged by diameter classes, known
Azs astand table, is used routinely to make forest management
ecisions. Stand tables are derived from current inventories

of existing stands, and through the use of projection models, a future
stand table can be obtained. Early stand table projection models
used diameter growth rates, based on increment core samples, and
estimates of mortality to project a stand table into the future (Chap-
man and Meyer 1949, Avery and Burkhart 1983). More recent
stand table projection models are based on empirical measurements
and are modified (hence the name modified stand table projection
models) by constraining the future stand table to exhibit stand char-
acteristics, such as basal area and density, as estimated by growth and
yield models. Pienaar and Harrison (1988) calculated survival and
projected basal area growth on the basis of relative size. The resulting
stand table was constrained to be consistent with whole-stand esti-
mates of basal area per acre and trees per acre. Borders et al. (2004)
followed the methodology of Pienaar and Harrison (1988) but used
a Bayesian algorithm to allocate mortality to the diameter classes.
Nepal and Somers (1992) projected the stand table using an implied
diameter growth equation developed from the Weibull distribution
(Bailey 1980). The stand table was then adjusted using an algorithm
that assumed that trees in each diameter class followed a doubly
truncated Weibull distribution. Cao and Baldwin (1999) modified
the Nepal and Somers (1992) model by calculating survival at the
beginning of the growing period and using a constrained least-
squares procedure (Matney et al. 1990) to adjust the future stand
table. This procedure was later modified by Cao (2007) to incorpo-

rate predictions from individual-tree diameter growth and survival
models.

The objective of this study was to develop a modified stand table
projection growth model for unmanaged loblolly pine (Pinus taeda
L.) and slash pine (Pinus elliortii Engelm.) plantations in East Texas.
Four new models were developed using the methodologies of Nepal
and Somers (1992), Cao and Baldwin (1999), Cao (2007), and a
combination of Pienaar and Harrison (1988) and Cao and Baldwin
(1999). These four models were validated with East Texas pine
plantation data not used for model fitting based on an error index
developed by Reynolds et al. (1988).

Methods

Data Description

This study used 105,632 observations from 175 permanent plots
and 37,516 observations from 80 permanent plots located in un-
managed loblolly and slash pine plantations, respectively (Table 1).
An observation is defined as a single diameter class from a particular
plot at a specific time. These plantations are characterized by some
form of mechanical site preparation (e.g., shear, rake, pile, possibly
burn), woods-run seedlings, but no midrotation activity such as a
thinning or fertilization. The research plots are part of the East
Texas Pine Plantation Research Project (ETPPRP) (Lenhart et al.
1985), which covers 22 counties across East Texas. Generally, the
counties are located within the geographic area from 30° to 35°N
latitude and 93° to 96°W longitude. Each plot consists of two adja-
cent subplots approximately 0.25 ac in size (100 X 100 ft) separated
by a 60-ft buffer. Within a subplot, dbh (dbh to nearest 0.1 in.,
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Table 1.

Observed stand characteristics for East Texas unmanaged loblolly and slash pine plantation data sets.

Model development data set”

Model validation data set®

Variables® Mean SD Minimum Maximum Mean SD Minimum Maximum
Loblolly pine
A 14.0 6.7 2.0 36.0 14.2 7.0 3.0 37.0
Hd 44.9 19.2 5.0 95.0 45.0 19.8 5.0 93.0
ST 70.5 10.2 31.0 105.0 69.9 10.5 30.0 108.0
TPA 499.6 146.4 83.0 1002.0 460.9 145.7 187.0 758.0
BA 94.1 53.1 0.5 220.7 87.0 49.0 0.5 178.7
Slash pine
A 12.3 5.9 2.0 33.0 15.2 7.4 3.0 35.0
Hd 39.9 18.5 3.0 91.0 46.6 19.8 10.0 88.0
ST 80.4 14.2 26.0 138.0 78.4 12.6 57.0 124.0
TPA 444.6 181.7 57.0 1002.0 461.1 177.9 105.0 706.0
BA 66.6 43.1 0.5 162.3 86.1 48.2 2.7 184.6

“ Loblolly pine: #» = 92,882 observations from 153 plots; slash pine: # = 33,792 observations from 71 plots.

¢ Loblolly pine: » = 12,750 observations from 22 plots; slash pine: 7 =

3724 observations from 9 plots.

A, stand age (years); Hd, dominant height (feet); SI, site index (base age = 25 years); TPA, trees per acre; BA, basal area per acre (square feet); SD = standard deviation.

measured at 4.5 ft above the groundline), total height (feet), and the
survival status (live or dead) were monitored for each planted tree
over a 28-year period. Plots were remeasured every 3 years as long as
they physically existed. Data from only one subplot (the develop-
ment subplot) were used in this study. Dominant height (feet) was
determined by averaging the total heights of the tallest ten trees on a
subplot (which approximates the average height of the tallest 40
trees per acre) that were free of damage, forks, and stem fusiform rust
(Cronartium quercuum [Berk.] Miyabe ex Shirai f. sp. Fusiforme).

From the total 105,632 loblolly pine observations, approxi-
mately 10% (z = 12,750 observations from 22 plots) were ran-
domly selected and removed from the complete data set and reserved
for model validation. The remaining 92,882 observations from 153
permanent plots were placed in the data set used for model fitting.
From the total 37,516 slash pine observations, approximately 10%
(n = 3,724 observations from nine plots) were randomly selected
and removed from the complete data set and reserved for model
validation. The remaining 33,792 observations from 71 permanent
plots were placed in the data set used for model fitting.

Statistical Analysis

A modified stand table projection growth model consists of three
steps: (1) projecting whole-stand values of basal area and trees per
acre, (2) computing survival and allocating mortality by diameter
class, and (3) projecting growth while adjusting the future stand
table to match projected whole-stand trees per acre and basal area
per acre.

For step 1, this study used the whole-stand model developed by
Allen et al. (2010), which improved on the model of Coble (2009)
with a new survival function and added an equation to predict future
arithmetic mean diameter (Allen 2010). This whole-stand model
was used for all subsequent comparisons, which provided a common
basis of comparison between all four new models. For steps 2 and 3,
this study examined four methodologies to project stand tables:
(1) Nepal and Somers (1992) (NS model); (2) Cao and Baldwin
(1999) (CB model); (3) Cao (2007) (CAO model); (4) a new model
that combines aspects of Cao and Baldwin (1999) and Pienaar and
Harrison (1988) (ETPPRP model).

NS Model
The first step in the NS model recovers the parameters of the
Weibull distribution from the average diameter and the basal area
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per acre to approximate the current diameter distribution from the
current and future stand. The Weibull cumulative probability dis-
tribution is defined as follows:

F](x) =1 — ¢ o)l (1)

where ¢; = shape parameter at time j; 4; = scale parameter at time j;
= location parameter at time j; and ¢(*) = exponential function.
Equation 1 implies the following individual diameter growth
equation for the diameter (in in.) class midpoints (D)) at times j = 1

and 2 (Bailey 1980).

4

D1 - a cilex
bl ’

The movement of the trees from one diameter class to another can
be computed under the assumption that the trees in each diameter
class follow a doubly truncated Weibull distribution. If the 7th di-
ameter class is specified by the lower and upper limits, /; and #,
respectively, and if 4, and d, are the diameter values in the 7th class,
where [, < d| < d, < u,, then the number of trees in the interval,
M4 is given by

D, =a, + bz( (2)

(3)

Mavd) = ™

|:Fl(dz)

- Fl(dl)]
Fl(”z‘)

- Fl(/i)

The future stand table must then be adjusted by multiplying each
diameter class by an appropriate proportion (). The following
equation is used to predict P;:

ab (4)

P, = aye

subject to the constraints

N,
@y = z (eouD)h (5)
b g(e®P)h, DN,
2 2(em™) ©)

E (ealD )}]
where IV, = total (whole-stand) number of surviving trees per acre
at time 2; B, = total (whole-stand) basal area (square feet) per acre
at time 2; b; = projected number of trees in D; before correction;



¢ = 0.005454; £ = number of diameter classes in the future stand;
ag, a; = coefficients to be determined; and all other variables are as
defined before.

The secant method (Press et al. 1996) can be used to solve for «;
in Equation 6, which is then used in Equation 5 to solve for . By
applying this process to each diameter class, the future stand table
can be adjusted.

CB Model

The first step in the CB model is to calculate mortality by use of
a survival function for each diameter class. The surviving trees per
acre in the ith diameter class at time 2 (7,,) is predicted by

Ay = ny(1 — PP bmint), (7)
where 7;, = surviving trees per acre in the 7th diameter class at time
15 Dmin,; = midpoint of the minimum diameter at time 1; and
B, = coefficient to be determined, and all other variables are as
defined before.

The secant method (Press et al. 1996) can also be used on Equa-
tion 7 to solve for B;. The coefficient B, is calculated such that the
trees across all diameter classes will sum to /V,. Because the mortality
rate will not be evenly distributed among the diameter classes, the
diameter distribution will change after mortality. This will cause a
change in the arithmetic mean diameter at time 1 (D;) and basal
area per acre at time 1 (B;). These whole-stand attributes must be
updated after mortality has been removed but prior to projection to
time 2:

_ XkAaD;
D= (8)

k
B =g EﬁizD?- 9)

i=1

If there was a sufficient shift in the diameter distribution based on
arithmetic and quadratic mean diameters, then the minimum diam-
eter was assumed to increase. The future minimum diameter
(Dmin,) can be obtained from the current minimum diameter

(Dmin,) using an equation derived from Tang et al. (1997):
Dmin, = 3, + B;Dmin,; + &. (10)

If the error term, &, is ignored, the coefficients 8, and B, of Equa-
tion 10 can be calculated from

., _ Dgz — D; an
' Dqi— D1
and
éozbz_ blblr (12)

where Dq]- = quadratic mean diameter at time j = 1 and 2; and D]-
= arithmetic mean diameter at time j = 1 and 2.

Next, the unadjusted future stand table was determined as in
Nepal and Somers (1992) using Equations 1-3. The future stand
table was then adjusted using a constrained least-squares method
similar to the method in Cao and Baldwin (1999), with the differ-
ence being that the second constraint, involving arithmetic mean
diameter at time 2, was omitted (their Equation 12b). Our study
used predicted values to evaluate the stand table adjustment proce-

dures, and Cao (2007) has shown that the constraint involving
average diameter causes difficulty in convergence when using pre-
dicted instead of observed values. Thus, the adjusted number of
trees per acre in each diameter class (72,,) is given as

nyp =ty + A+ ADI (13)
where A, and A, are Lagrangian multipliers, calculated as
: i
N, — Eﬁiz - A EDIZ
i=1 i=1
A= ; , (14)
k k k
2 B, 2
D; zﬁiz = Ny | + k| —— Eﬁile’
i=1 i=1 i=1
Ay = 2 , o (15)

k k
k 2.Df = | 2D}

i=1 i=1

and all other variables are as defined before. This adjustment some-
times computed negative values of 7,,, usually where gaps existed in
the diameter distribution. To correct for negative 7,,, 7,, was set to
zero, and the adjustment process was repeated.

CAO Model

As for the CB model, the first step in the CAO model is to
calculate mortality at the beginning of the growth projection period
by use of a survival function for each diameter class, except that an
individual-tree survival equation is used instead of Equation 7:

Disr+1
D, -1
- [1 + exp<b1 + byA, + bsHd, + 6B, + by D—;’ + béRusti’,>] ,
t

(16)

where p; ., = probability that 7th tree survives at time 7 + 1, given
that it was alive at time % A, = plantation age in years at time 4
Hd, = dominant height in feet at time #; B, = basal area (square feet)
per acre at time % D,, = diameter of the 7th tree at time 5 Dg, =
quadratic mean diameter at time % Rust, , = presence (1) or absence
(0) of stem fusiform rust for the ith tree at time # and all other
variables are as defined before.

During the growth period, all trees in each diameter class will
increase in diameter. The next step is to project the lower and upper
limits of each diameter class by using an individual tree diameter
growth equation,

D, 1= D;, + exp(b, + b,A7' + bHd, + 6B, + bs In(D,,)),
(17)

where D, , | = diameter of the 7th tree at time 7 + 1; In(*) = natural
logarithm function; and all other variables are as defined before.
After diameter growth, the trees are reclassified into new diame-
ter classes assuming that the distribution follows the doubly trun-
cated Weibull distribution of Equation 3, as in the NS and CB
models. The future stand table will not be consistent with whole-
stand projections of basal area per acre and trees per acre, so the
number of trees in each diameter class must be adjusted to match the
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Table 2. Means (and standard deviations) of the Reynolds et al. (1988) error indices based on trees per acre and basal area per acre
for loblolly pine for four models. Numbers in bold denote the smallest mean error among the four models.

Projection length (years)

Models 3 6 9 12 15 18 21
Error index based on number of trees/acre
ETPPRP“ 113 (55) 134 (51) 163 (85) 182 (79) 194 (100) 165 (66) 164 (82)
Nepal and Somers (1992) 122 (73) 132 (72) 134 (59) 138 (54) 140 (71) 108 (28) 103 (8)
Cao and Baldwin (1999) 124 (77) 131 (74) 134 (63) 136 (56) 141 (70) 112 (33) 87 (6)
Cao (2007) 196 (97) 241 (106) 243 (95) 234 (90) 220 (91) 183 (76) 203 (59)
Error index based on basal area/acre
ETPPRP 31 (15) 42 (18) 57 (26) 68 (18) 79 (25) 80 (23) 86 (39)
Nepal and Somers (1992) 34 (16) 40 (18) 46 (17) 52 (20) 57 (25) 50 (18) 52 (16)
Cao and Baldwin (1999) 33 (16) 39 (18) 46 (19) 52 (20) 58 (25) 57 (22) 45 (12)
Cao (2007) 52 (28) 70 (30) 77 (26) 78 (18) 85 (28) 81 (24) 103 (21)
7 (number of plots) 84 66 50 34 21 10 3
“ ETPPRP, East Texas Pine Plantation Research Project.
whole-stand values. This is accomplished by using the same con-  Model Validation

strained least-squares Equation 13 as in the CB model.

ETPPRP Model

As with the CB and CAO models, mortality was removed at the
beginning of the projection period so that dead trees would not be
included in the growth projections. The ETPPRP model uses Equa-
tion 7 to predict future surviving trees per acre in the ith diameter
class. As with the CB model, Equation 7 provides a new stand table
in which diameter class values for trees per acre are consistent with
the whole-stand estimate.

The model developed by Pienaar and Harrison (1988) and later
used by Borders et al. (2004) was used in the ETPPRP model to
project the stand table:

=——+ ¢, (18)

where 4;; = basal area corresponding to the midpoint of the ith
diameter class at time 1; b, = basal area corresponding to the
midpoint of the 7th diameter class at time 2; Zl = average basal area
of the n,, trees per acre that survive from time 1 to time 2; a =
(A,/A,)%; vy = coefhicient to be determined using the NLIN proce-
dure of SAS (2004); A; = plantation total age in years at time 1;
A, = plantation total age in years at time 2; and all other variables
are as defined before.

Equation 18 allowed each diameter class midpoint to be con-
verted into a basal area class midpoint. The stand table was then
projected into the future while being constrained to match whole-
stand estimates of basal area per acre (B,). The values of 4,, were
then converted to diameter classes using

D, = \m (19)
The projected diameter class midpoints did not fit into traditional
1-in. diameter classes (e.g., the 6-in. diameter class ranges from 5.5
t0 6.5 in.). Assuming that trees were uniformly distributed in each of
the projected diameter classes, traditional 1-in. diameter classes were
obtained by taking the proportion of the new class that fell in the
traditional diameter class limits.
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The four new stand table projection models were validated on
their ability to project future stand tables from 3 to 21 (loblolly) or
18 (slash) years for all possible projection lengths using the 10%
validation data set. For example, if a plot was measured at 10, 13, 16,
19, 22, 25, 28, and 31 years, then there will be seven 3-year projec-
tion periods, six 6-year periods, five 9-year periods, four 12-year
periods, three 15-year periods, two 18-year periods, and one 21-year
period. An error index proposed by Reynolds et al. (1988) was used
to validate predicted trees per acre and basal area per acre for all
possible projection lengths at the diameter-class level, as well as all
diameter classes combined (Cao 2007):

>

mj m;

A

Ely = > [n; — 45| Ely= X [b; — b;
=1 i=1

where El\; = error indices based on number of trees per acre for the
jth plot; El; = error indices based on basal area per acre for the jth
plot; 72;; = observed number of trees per acre in the 7th diameter class
in the jth plot; ﬁij = predicted number of trees per acre in the ith
diameter class in the jth plot; 4; = observed basal area per acre
(square feet) in the ith diameter class in the jth plot; l;l] = predicted
basal area per acre (square feet) in the 7th diameter class in the jth
plot; and ; = the number of diameter classes in the jth plot.

Results and Discussion

For all diameter classes combined, the means and standard devi-
ations of the Reynolds et al. (1988) error index for the four modified
stand table projection models based on the 10% validation data set
are shown in Tables 2 and 3 for loblolly and slash pine, respectively.
For loblolly and slash pine, the CB and NS models consistently
produced the lowest mean error index values, based on either trees
per acre or basal area per acre, for all four models and all projection
lengths. However, the ETPPRP model produced the best results of
the four models for the 3-year projection length only. The ETPPRP
model performed third best for loblolly pine, followed by the CAO
model, but this was reversed for slash pine. We speculate that for
slash pine, predictions were improved with the use of individual tree
equations because possible site-to-site variability is better repre-
sented at the individual tree level for slash pine versus loblolly pine.

For individual diameter classes, the means of the Reynolds et al.
(1988) error index for trees per acre for the four modified stand table



Table 3. Means (and standard deviations) of the Reynolds et al. (1988) error indices based on trees per acre and basal area per acre
for slash pine for four models. Numbers in bold denote the smallest mean error among the four models.

Projection length (years)

Models 3 6 9 12 15 18

Error index based on number of trees/acre

ETPPRP” 78 (28) 109 (32) 128 (54) 166 (54) 178 (45) 212 (63)

Nepal and Somers (1992) 80 (29) 79 (26) 85 (29) 95 (19) 96 (21) 113 (24)

Cao and Baldwin (1999) 82 (30) 79 (27) 83 (29) 95 (19) 103 (24) 114 (23)

Cao (2007) 92 (35) 115 (40) 144 (46) 149 (35) 129 (30) 154 (22)
Error index based on basal area/acre

ETPPRP 23 (10) 37 (11) 46 (12) 69 (21) 82 (25) 109 (37)

Nepal and Somers (1992) 25 (13) 29 (14) 35(17) 42 (13) 47 (11) 59 (15)

Cao and Baldwin (1999) 24 (13) 28 (16) 34 (17) 43 (12) 52 (14) 60 (12)

Cao (2007) 26 (14) 35 (16) 50 (18) 56 (17) 55 (15) 76 (24)
7 (number of plots) 26 20 15 10 6 3

“ ETPPRP, East Texas Pine Plantation Research Project.

30
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25

20

Error index
&

0 5 10 15 20
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35 1 (c) 15-year projection

30 1
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Error index
8
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Figure 1.
projection lengths. T
(CAO).

projection models based on the 10% validation data setare shown in
Figure 1 for loblolly pine. For 3-year projections, the ETPPRP
model performed the best for most diameter classes (Figure 1a). The
CB and NS models performed next best across the range of diame-
ters, followed by the CAO model. The CB and NS models produced
similar results for the shorter projection lengths, but the CB model
outperformed the NS models as the projection length increased. At

35

I

;v (b) 9-year projection

1

30 |

\ P

25

20

Error index

DBH (inches)

40

35 | _(d) 21-year projection
L}

i

30

25

Error index
n
o

DBH (inches)

Mean Reﬁ'nolds et al. (1988) error index based on number of trees per acre by diameter class for loblolly pine for different
e four models are this study (ETPPRP), Nepal and Somers (1992) (NS), Cao and Baldwin (1999) (CB), and Cao (2007)

the 21-year projection length, the CB model produced the lowest
error indexes for all diameter classes except the 8-in. and 12-in.
classes (Figure 1d). For these two classes, the ETPPRP model pro-
duced the lowest error indexes, followed by the CB model and then
the NS model.

For individual diameter classes of slash pine, the means of the
Reynolds et al. (1988) error index for trees per acre for the four
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Figure 2. Mean Reynolds et al. (1988) error index based on number of trees per acre by diameter class for slash pine for different
projection lengths. The four models are this study (ETPPRP), Nepal and Somers (1992) (NS), Cao and Baldwin (1999) (CB), and Cao (2007)

(CAQ).

modified stand table projection models based on the 10% validation
data set are shown in Figure 2. For 3-year projections, the ETPPRP,
CB, and NS models performed similarly (Figure 2a). The CB and
NS models outperformed the ETPPRP model as projection length
increased. Unlike the loblolly results, the CB and NS models pro-
duced similar results across all projection lengths. The CAO model
again did poorly versus the other three models, though it outper-
formed the ETPPRP model for the 18-year projection length
(Figure 2d).

On the basis of these results, we recommend that the CB model
be used to project stand tables for unmanaged loblolly and slash pine
plantations in East Texas. This model typically produced the lowest
mean errors for individual diameter classes and all diameter classes
combined compared with the other models considered, especially
for loblolly as projection length increased. We considered recom-
mending the NS model, because the results were similar to those of
the CB model, but the CB model outperformed the NS model at the
diameter-class level for loblolly pine at the longer projection lengths.
We believe the CB and NS models outperformed the ETPPRP
model because the 'y coefficient in Equation 18 was estimated for the
entire population. In contrast, the Lagrangian multipliers (Equa-
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tions 13-15) calculated for the CB model and the proportions
(Equation 4) calculated for the NS model used data from each
individual plot. This plot-level estimation procedure probably con-
tributed to less error in the final predictions of trees per acre and
basal area per acre versus the ETPPRP model. Furthermore, we
expected that the CAO model would outperform the other models,
based on the findings of Cao (2007), but that was not the case in this
study. A possible explanation could be differences between the data
sets used in Cao (2007). For example, Cao (2007) used data from a
loblolly South-wide seed source study that included 15 seed sources
planted at 13 locations across 10 southern states. Our study used
data from East Texas loblolly and slash pine plantations planted
with woods-run seedlings.

A Numerical Example

This example presents the results of a stand table projection using
the recommended CB model from age 27 (time 1) to age 33 (time 2)
for plot 45 in the loblolly pine plantation model validation database
(Table 4). The currentand future observed stand attributes are given
in columns 2 and 3, respectively. The first step is to project the
whole-stand variables dominant height, arithmetic mean diameter,
trees per acre, and basal area per acre.



Table 4. Numerical example for loblolly plot number 45, cycle 6,
of the East Texas Pine Plantation Research Project data set.

Observed trees/ac Predicted trees/ac

Diameter (in.) Age27  Age33  After mortality After D growth  Final
(1 (2) (3) (4) 5) (6)

4 17.4 0.0 6.7 3.9 3.9
5 47.9 8.7 29.9 19.5 19.5
6 39.2 30.5 30.1 29.0 29.0
7 39.2 34.8 33.6 31.5 31.5
8 43.6 30.5 39.8 37.1 37.1
9 43.6 39.2 41.3 41.7 41.7
10 30.5 43.6 29.5 36.1 36.1
11 30.5 13.1 29.9 31.5 31.5
12 0.0 26.1 0.0 10.6 10.6
13 4.3 0.0 4.3 3.4 3.4
14 0.0 0.0 0.0 0.9 0.9
15 4.3 4.4 4.3 4.0 4.0
16 0.0 4.4 0.0 0.3 0.3
Hd 69.0 74.7
Trees/ac 301.0 235.2 249.4 249.4 249.4
Dbar 7.7 8.9 8.1 8.6 8.6
Dq 8.1 9.2 8.4 8.9 8.9
Basal area/ac 106.71 108.91 96.71 106.61 106.64

1. Calculate Hd, from Equation 2 in Allen et al. (2010)

=74.7 ft.

1 — €—0.073835*33:| 1.445436

Hd, = 69|:1_€0.073835*27

2. Calculate N, from Equation 3 in Allen et al. (2010)
N, = 301 * e—0.00000797*67*(331-9‘142"*—271-‘)942‘”) =249 4 tpa.

3. Calculate B, from Equation 1 in Allen et al. (2010) using pro-
jected values of Hd, and IV,

lnBz = _3.11553
In(106.71) + 3.11553 — 0.574834 * In(301)

In(301)
27 —1.081493 * In(69) — 0.849356 *
N 27
33
4194 In(69)
- i
5.38419 27

+ 0.574834 * 1In(249.4) + 1.081493 * In(74.7)

+ 0.849356 In(249.4) + 5384194 In(74.7)
* ——— *
.84935 33 5.38419 33

= 4.66945,

s0 B, = %99 = 106.64 fi’/ac.
4. Calculate Dq, and then calculate Dbar, from Equation 4 in
Allen et al. (2010)

_ B, [ 106.64 -
Dq, = \/0.00545415 * N, - V0_00545415 %2494 8.9 in.
and
Dbarz = qu

_ 6(_ 1.13318—3.28555)/ 27—0.04466+7.7+0.013421%69—0.00525%106.71

= 8.6in.

Table 5. Weibull parameters.

Average Basal area
Time diameter (in.) per acre (fc) a b c
1 7.7 106.71 3.5 5.22095 2.15702
2 8.6 106.64 3.5 5.71124 2.39351

5. Apply the diameter-level survival Equation 7 in this study to the

current stand table. The coefficient B, is calculated using the
secant method to be —0.4885, so that the density of the stand is
reduced from 301.0 to 249.41 trees per acre after mortality (col-
umn 4), which happens to equal V,, calculated in step 2. Equa-
tions 10—12 indicate that there is no increase in minimum di-
ameter, so no adjustment to Dmin is necessary.

. The Weibull parameters recovered from the current and future

stand attributes are shown in Table 5. The diameter growth
function (Equation 2) implied from the current and future
Weibull parameters can be rearranged to solve for diameter at
time 1 (D,):

D,

- 3.5 2.39351/2.15702

D, =35+ 5.22095(

The idea is to find the lower and upper endpoints of a future 1-in.
midpoint diameter class in terms of current diameter. For exam-
ple, consider the 6-in. diameter class at time 2: the lower limit is
5.5 in. and the upper limit is 6.5 in. Thus, the values for D,
corresponding to the two future limits are

5—3 5)239351/2.15702

Lower D, = 3.5 + 5.22095(5‘71124

=5.13 in.
and

65 -3 5)2.39351/2.15702

Upper D, = 3.5 + 5.22095(5.71124

= 6.06 in.

This means that the future 6-in. diameter class in current terms
ranges from 5.13 to 6.06 in. Notice that this diameter range
spans both the 5-in. (4.5-5.5 in.) and 6-in. (5.5-6.5 in.) current
1-in. diameter classes. To find the future trees per acre in the
6-in. diameter class, Equation 3 is applied to the two intervals,
5.13-5.5 in. and 5.5-6.06 in. This first requires that Equation 1
be used to calculate the cumulative Weibull density for five
diameters:

65 - 35 2.39351/2.15702
S

Upper D; = 3.5 + 5.22095(
= 6.06 in.
Fi(5.13) = 1 — ¢ (G:1373:55.22099257% — (7798,
Fi(6.06) = 1 — ¢ ((0:0673:5)/5.22095257 — ) 19344
F(4.5) =1 — ¢ (4573552209272 — 279,
F(55)=1— o~ ((5:53.5)/5.22095)215702 _ 0.11858,

Fi(6.5) = 1 — ¢ (6373505200927 — 9 56115,
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Now, Equation 3 can be used to calculate the future trees per acre

for the two intervals, 5.13-5.5 in. and 5.5-6.06 in.:
F(5.5) — F(5.13)
nys

7[5.13,5.5] = F\(5.5) — F,(4.5)
, 0.11858 — 0.07798] _
= k =
0.11858 — 0.02790 34 3,
_ [F(6.06) = F\(5.5)
55,6060 = M6l g (6.5) — F,(5.5)
0.19344 — 0.11858 ,
] k =
3 0.26115 — 0.11858 >-8 pa.

Finally, the unadjusted future trees per acre for the 6-in. diameter
class are the sum of the trees per acre of the two intervals: 13.4 +
15.8 = 29.2 trees per acre. This process is repeated for all diam-
eter classes in the stand table to produce unadjusted trees per acre
by diameter class, which are found in column 5 of Table 4. Note:
the value of 29.2 is slightly different from the tabulated value of
29.0 because of rounding error in this hand-calculated example.

7. The stand table can now be adjusted to match whole-stand val-
ues of basal area per acre as projected by the whole-stand equa-
tion. The Lagrangian multipliers for Equation 13 were calcu-
lated to be A; = —0.0092152 (from Equation 14) and A, =
0.000080835 (from Equation 15). Now, the final stand table
(Table 4, column 6) can be computed using Equation 13, which
will sum to the whole-stand estimates.
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